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ABSTRACT
Turbofan noise directivity calculated for two
directivity models (equal modal amplitude and equal
modal power or energy) was compared with experimen-
tal, blade passing frequency data from two fans at
60 and 90 percent speeds. Experimental data indi-
cated similar directivity patterns which were well
represented by a single average data curve. Calcu-
lated points using the equal amplitude model showed
over-prediction near the fan axis and near the 90 0-
position. Calculated points using the equal power
model showed 9 very good match with the average data
lending support to theory of equipartition of modal
power from a random source such as the interaction
of the rotor with inlet flow distortion. The equal
modal power model also gave good agreement with in-
dividual data points.
INTRODUCTION
The modal structure of the internal noise field
and its in-duct spatial variation are important to
at least two phenomena related to fan noise. First,
the modal structure helps to determine the external
acoustic radiation pattern or directivity of the
sound from a fan stage. Second, the modal structure
strongly influences the design of the acoustic
treatment for fan inlet ducts (e.g., ref. 1). It
is, then, of interest to know the modal structure of
the sound produced by a fan stage.
Direct determination of modal structure is a
difficult task requiring sophisticated measurement
and analysis techniques that, at present, are not
performed routinely on fan stages. An alternative
approach involves the matching of measured and pre-
dicted far-field directivity characteristics. This
problem is generally complicated by the multiplicity
of possible sound modes of unknown amplitude, as in
the case of noise produced by the interaction of the
rotor and inlet flow distortion. Current evidence
suggests that, especially during ground static test-
ing, disturbances in the inlet flow are the mayor
source of the tone noise (e.g., ref. 2). The modal
analysis, therefore. is not performed routinely on
far-field directivity data either.
The need to know the in-duct modal structure,
as well as the availability of a wealth of far-field
directivity data, provided the motivation for the
work presented here. The objective of this work was
t,, xplore some of the available directivity data
relative to the known directivity properties of the
possible propagating modes to see i:` any valid con-
clusions about the in-duct modal structure could be
drawn.
In the approach discussed here, the multiplic-
ity of sound modes was dealt with directly by
assuming that all propagating or cut-on modes con-
tribute to the resultant directivity level. The
total number of contributing modes was found by
applying the mode cut -off criteria to the mode
eigenvalues. The second aspect of the problem
concerning unknown modal amplitudes required a
search for the beat combination of elementary
directivity patterns in order to reconstruct the
actual resultant directivity level. Results of two
theoretical directivity models are discussed and
presented here: equal-amplitude and equal-energy.
The equal-amplitude directivity model assumes
that the duct modal amplitudes are equal. The
modal directivity as used in this paper pertains to
the far-field elementary directivity patterns due to
a single duct mode. The elementary theoretical di-
rectivity patterns were calculated using an acoustic
radiation model similar to that developed by Morse
before the advent of turbofan engines for a flexi-
ble piston in an infinite flanged duct without
flow ( 3). Its application to ducted fan sources
prpducing single spinning modes was investigated by
Tyler sad Sofrin (4). Lansing, et al. (ref. 5) con-
sidered unflanged duct inlets; their flanged duct
radiation model was adopted for this present>!ion.
The assumption of equal-amplitude propagating modes
has been used, for example, by Ko for predicting
the total sound attenuation of acoustically lined
ducts(6).
The modal amplitudes of the equal-energy model
are not constant, but vary from mode to mode, while
modal acoustic power remains constant for all the
modes. This model was developed using Lansing's,
et al. (ref. 5) closed-form solution for the radi-
ated modal power from an infinite, nonreflecting
duct without flow. Dyer (y) has shown that equal
energy distribution among all the duct modes may
result from a spatially random source excitation
in the fan inlet. Pickett's theoretical anslysis(g)
has also shown similar results that, at a given
frequency, the acoustic energy of the noise caused
by unsteady nonuniform inflow to fans with rela-
tively low subsonic tip speeds may be carried in
more or less equal quantitiesby all the propagat-
ing duct modes. Yurkovich ( 9) has recently used
equal-energy in the propagating duct modes to com-
pute the total noise attenuation in acoustically-
lined ducts and reported good agreement with meas-
ured data.
Far-field directivity data obtained at NASA
Lewis Research Center from two lifferent full-scale
high bypass ratio fans, B and QF-3 (refs. 10 and 11,
respectively) were used for comparison with computed
directivity patterns. Although these fans were de-
signed for fundamental tone cutoff, both produced
high-intensity noise at blade passing frequency,
presumably because of inlet flow distortion. Al-
together, four sets of blade passing frequency noise
data were considered for two operating speeds, 60 to
90 percent. Each data set has sever. data points
corresponding to the azimuthal locations of seven
fixed far-field microphones.
SYMBOLS
A amplitude
B number of rotor blades
C speed of sound, m/sec
D directivity
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f frequency, Ha
in Bessel function of first kind of order 	 m
Jul derivative of Bessel function with re-
spect to entire argument
j distortion inde-.
K coefficiene of modal acoustic pressure,
N/m2
k frequency parameter, 2mfrd/c
k' eigenvalue
M circumferential mode order
n harmonic index
P(R. m) far-field point at	 R	 and
p acoustic far-field pressure, N/m2
R far-field radius, m
rd duct outer radius, m
ro radial coordinate of duct inlet face, m
S(ro. 90) simple point source at duct inlet face
at	 ro	 and	 00
x axial coordinate of acoustic radiator, m
ASPL relative sound pressure level, dB
'D azimuth angle, degrees
u radial mode order
60 angular coordinate of duct inlet face,
degrees
Subscripts:
M. u mode (m. u)
Superscripts:
(EA) equal-amplitude
(EE) equal-energy
MODEL OF ACOUSTICAL RADIATOR
Figure 1 shows a sketch of the geometry for the
analytical model of acoustical radiation considered.
It consists of a semi-infinite circular duct with
uniform cross section. The duct inlet face lies
flush with an infinite flange. It is assumed that
both, the duct and flange have acoustically hard
walls.
The internal noise field within the circular
duct is assumed to be made up of sound pressure
waves traveling forward in the direction of the duct
inlet. The sound pressure waves are assumed to re-
sult from a number of spinning modes. Mode reflec-
tion, diffraction. and coupling at the duct inlet
are neglected. The acoustic medium is assumed to be
ideal, stationary air.
For the acoustic radiation model shown in fig-
ure 1, the sound radiates into free unbounded space
from a distributed source over the duct inlet face.
This source consists of a distribution of simple
point sources or monopoles of differing strength
arising from air particles vibrating with a nonuni-
form velocity. The sound pressure advances from the
source as spherical wavelets. Since the infinite
flange prevents radiation toward the rear, the ex-
ternal noise field in front of the flanged duct
assumes a shape of an axisymmetric half-sphere
centered at the center of the duct inlet face.
A segment of external noise field is shown in
figure 1 by a semicircular dashed curve. The far-
field acoustic pressure of a single mode, (say, at
P(R. #) where R and 4 are azimuthal radius and
angle, respectively) is an integral representing the
combined contributions from all simple point
sources, say, at S (r0. 60). where ro and 60 are
the coordinates of the duct inlet face.
DIRECTIVITY MODELS
In gameral. the variables which describe the
integrated far-field acoustic pressure due to a
single mode can be conveniently arranged as a prod-
uct of three terms, such as:
	
pm.P - (K) (Aa'P)(Dm.u)	 (1)
where m and u are the circumferential lobe num-
ber and radial mode number of the duct modes under
consideration. It is assumed that each term (K,
Am.u, and Dm , u) contains variables with certain
common characteristics.
The coefficient K consists of variables which
remain constant for a given fan. its operating and
testing conditions, and the particular directivity
model used. It is independent of modal orders m
and P, and azimut:al angle. Therefore, the coeffi-
cient K is used here as a normalizing or weighting
factor so that far-field modal acoustic pressures,
having the same K, can be compared on the basis of
Am. 0 and Dm ,u only. The acoustic power amplitude
has been absorbed into K to cause the theory and
the data to agree in magnitude. Only relative di-
rectivities are considered here, not absolute mag-
nitudes of noise.
The relative duct mode amplitudes are given by
Amu since, as just stated, absolute magnitudes
have been shifted into the coefficient K. Finally,
Dm. 0 contains the relative directivity information
for each duct mode which shows how the far-field
pressure varies with the azimuthal angle m. Thus.
for constant K, the total radiated far-field acous-
tic pressure at any given azimuthal location can be
expressed as follows:
	
p - KE E (Am , p Dm. P )	 (2)
m P
Two directivity models are considered herein:
equal-amplitude and equal-energy.
ual-Amplitude Model
Since for a given fan, with its operating con-
ditions, testing parameters, and source frequency,
the amplitudes of all the participating modes in
this directivity model are equal, the modal ampli-
tude can be taken, for all practical purposes, to be
equal to unity, that is
A(EA)	
1	 (3)
For the equal-amplitude directivity model, equa-
tion (1) takes on the following form:
	
P
(EA) - K(EA) D (EA)	 (4)
m,u
	 m.0
In equation (4), it is assumed that all the far-
field modal acoustic pressures, which are equally
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weighted. can be compared on the basis of the di-
rectivity function DS pA) only. Here, it is tac-
itly understood that only far field ^ acoustic
pressures with the same coefficient K` ) can be
compared.
A directivity function for this situation has
been proposed by Lansing, et al. (ref. 5):
D(EA) Jm (km,p)(k sin 0)J;(k sin 0)
_	 (5)
m.p	
(km, u ) 2 - (k sin 0)2
Equation (5) describes the directivity of far-field
acoustic pressure and was developed for an infinite
flanged duct without flow and neglecting reflec-
tions.
Lansing, et al. (ref. 5) found that the approx-
imate formula agreed very well with a more exact
equation for an unflanged duct at high and low fre-
quencies except at near right angles to the axis and
behind the duct inlet. Experimental comparisons
indicate that equation (5) gives fairly good agree-
ment with fixed microphone data (e.g., ref. 4).
Cumpsty(12) has also reported good results with this
approximate equation used to identify lobes from
polar shapes of a single microphone traverse.
In equation (5), the argument V!,p of Bessel
function Jm(km,p) (eigenvalue of mode (m,p)) is
determined from the solution of the following
equation:
J , (k , )	 m(km,p) . 0	 (6)
m m,p	 dkm,p
where, for inlet flow distortion noise, the order m
is related to frequency harmonic index n, fan rotor
blade number B, and distortion harmonic index j
(e.g., ref. 8):
m - nBtj (7)
Since the distortion harmonic index j depends on
the extent of the expansion of distortion components
into Fourier series, the order m, as seen from
equation (7), and consequently, the number of cut-on
modes participating in Lire external radiation field
may become quite large, depending on the cut-off
conditions:
k > k'
	
m.0	 (8)
where
_ 2nfr
k	 c d	 (9)
is a frequency parameter involving the source fre-
quency f, duct radius rd , and speed of sound c.
Equal-Energy Model
For the equal-energy directivity model, an ex-
pression is sought which will relate mode amplitude
to modal power. Modal power may be obtained by in-
tegrating the time average of the far-field sound
intensity over the surface area of a hemisphere.
Since sound intensity can be expressed as a func-
tion of the sound pressure, and since the acoustic
power of the equal-energy directivity model is, by
,eflnition, equal for all the participating modes,
the required relations for mode amplitude can be
expressed as follows:
VW
(KA
m.u) 
-
	
I D
Is U 1 2 sin
	
0.5
dmJ	 (10)
where K, A.p, and Dm p are used in the same
sense as in equation (13. The integral has been
evaluated in reference 5 for the power transmitted
down an infinite nonreflecting duct without flow.
The integrated expression together with other vari-
ables and constants are rearranged to conform with
the term characteristics as in equation (1) to yield
for the equal-energy directivity model the follow-
ing expression:
	
p (2E) ^ K(EE)A(EE)D(EA)
	 (11)
m,p
	
M, 11 m,p
where the directivity function Dm ,V as given by
equation (5) is used. The modal amplitude for the
equal-energy model, Am o y is expressed as follows:
_ _	 0.5
A(EE)	 k k2 - (kID )2	 (12)
m,p	 2 '
	
m 
l2JIs m,u) 1 - (k1
m,u
It is seen from equation (12) that the amplitude
varies from mode to mode. It is, therefore, used in
combination with the modal directivity function to
give
D(EE) a A (EE)D(EA)	 (13)
m, p 	 m.p m,p
Substituting equation (13) into equation (11)
yields:
(EE)	 K (EE) D (EE)	 (14)
pm.0	 m.0
Since, by definition, the modal pressure coefficient
K (EE) for a given fan, operating conditions, testing
parameters, and frequency remains constant, there
is an equal weighting for all the participating
modes.
The nature of the equal-energy modal amplitude
Off) given by equation (12) can be inferred from
figure 2 where the amplitude level in decibels is
plotted against the circumferential mode order m
(from 1 to 37) with radial mode order V (from 0 to
11) as a parameter for an ar b itrarily chosen value
of the frequency parameter k - 40. Altogether,
205 cut-on modes are represented in this figure.
It is seen from figure 2 that all the constant
p-order curves start with modes (1, p) (axisym-
metric modes (m . 0) are excluded from this ex-
ample), and that for relatively large p-orders,
such as, 9, 10, and 11, the maximum levels are at
m - 1. The levels of other curves (having p -
orders from 0 to 8) reach their maxima at some
order m and then decrease to their minima which,
for all 12 curves shown on the figure, is the last
cut-on mode for that curve. The largest maximum
level of all curves appears for the zero u-order
curve at m-order equal to 28. The maximum level
of other curves, having a relatively low p-order,
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also occurs at relatively large m-orders although
less than 28. Note In equation (5) that the direc-
tivity function peaks when the denominator equals
zero and thus sin 0 - Icm^ N / k . Thus, the direc-
tivity function peaks at higher angles for larger
14,Y for a given value of k. Hence, the behavior
of the parametric curvesfig. 2) implies that
equal-energy amplitude
	 EE puts more emphasis on
the modes which peak at the middle angles of the
inlet quadrant arc than on the modes which peak near
the fan axis or near the 900-position.
OVERALL DATA CHARACTERISTICS
Far-field directivity data of the blade passing
frequency tonal noise obtained from two full-scale
high bypass ratio fans, B and QF-3. at 60 and 90
percent design speeds are used for comparison with
computed directivity patterns. Altogether, four
different data sets are considered herein. Repre-
sentative design and acoustic properties of fans B
and QF-3 are listed in table I, indicating consid-
erable differences between the two fans in the num-
ber of rotor blades, stator vanes, total pressure
ratios, and source frequencies or wave numbers.
Spectral Characteristics
Fans B and QF-3 belong to a group of NASA-Lewis
full-scale high bypass ratio fans which were de-
signed for cut-off of the fundamental tones. De-
spite this built-in cut-off, these fans, when tested
in the same acoustic outdoor static test facility,
produced relatively high-intensity noise at blade
passing frequency as illustrated in figure 3. The
figure shows a narrow-band (4 Hz bandwidth) spectral
distribution of the sound pressure level of fan Bat
40c
 azimuthal angle for a sample run at 90 percent
design speed. The figure is dominated by this
prominent discrete tone spike at blade passing fre-
quency. Similar outstanding discrete frequency
tones were also displayed by fan QF-3 narrowband
spectra.
Another distinctive feature of the spectrum
shown is a concentration of narrow-band random noise
at the base of the discrete tone resulting in a con-
siderable noise skirt or base broadening. Similai
spectral characteriatics have also been observed by
PIckett (8) who interpreted these spectral features
as a sign of inlet flow distortion noise.
Sound Pressure Level
The data used herein for comparison with cal-
culated directivity patterns are so-called referred
sound pressure levels obtained from narrow-band
spectra similar to that shown in figure 3 but with
atmospheric attenuation removed. The method used
for the tone resolution is described in reference 10.
The measurements from seven inlet quadrant micro-
phones were used. The microphones were placed
10 degrees apart and 6.7 meters above the ground
plane on a 30.5-meter radius arc, the origin of
which was located near the exhaust plane of the by-
pass nozzle. Since the azimuthal angles of the
theoretical model considered herein were measured
from the duct inlet face (fig. 1), the angle of the
experimental data were adjusted to account for this
difference. The adjusted sound pressure levels of
the blade passing frequency tones of fans B and
QF-3 are plotted in figures 4(a) and 4(b) against
the azimuthal angle for 60 and 90 percent speeds,
respectively. A notable feature of figure 4, de-
spite the indicated differences between the two
fans in table I, is the similar azimuthal behavior
of the data, especially for the 90 percent speed
case.
Directivity
In order to obtain a better directivity measure
of the sound pressure level, each data set shows In
figure 4 was normalized with respect to its maximum
level. The normalized data then were averaged into
a single value for each fan. Figure 5 shows a com-
parison of the normalized average data of the two
fans. The indicated points of each fan are the
arithmetic averages of two normalized data points at
any given angular location. It is seen that they
can be well represented by the following empirical
equation%
ASPL - -8.12 + 0.63 f - 0.0045 42	 (15)
with azimuth angle 0 in degrees. This indicated
similarity in the measured far-field directivity
data points to a possible common noise source, such
as, the interaction of the rotor with an unsteady
nonuniform inflow consisting of atmospheric turbu-
lence eddies (e.g., ref. 8) or installation caused
flow distortion (e.g., ref. 2).
MODAL ANALYSIS OF DIRECTIVITY DATA
Figure 5 shows that the empirical curve of
average normalized directivity level rises at first
with a relatively slow rate to a broad maximum and
then descends toward the 900-position with a rate
which is almost twice that of ascent. Similar
azimuthal characteristics have also been noted by
several other independent observers (e.g., refs. 13
and 14). These characteristics have been attributed
to the data obtained during static tests of fans and
compressors, resulting from the interaction of inlet
flow distortion and rotor blades.
In theoretical aeroacoustics, it is generally
understood (e.g., ref. 15) that since internal modal
structure determines the external acoustic radiation
pattern or directivity, then the inverse problem of
determining unknown in-duct modal field from known
far-f2 ald directivity should also be, at least in
principle, possible to solve. This approach to
modal analysis is usually based on the premise that
for any given combination of in-duct modes there
exists a unique far-field directivity pattern. The
results of figure 5, however, seem to contradict
this assumption because the different fans and op-
erating conditions represented in the figure will
likely produce different modes and amplitudes that
should significantly vary among the cases considered
(table I). Nevertheless, the figure shows that the
resultant directivitfes of these modes apparently
differ but little from each other.
This contradiction, however, may be resolved
realizing that as the frequency increases, more and
more cut-on modes are propagating through a duct
cross-sectional area. As a result, the spatial
(radial and angular) variations of the duct acoustic
pressure, on the average, are expected to become
smaller and smaller for a random noise source (e.g.,
ref. 7). Consequently, similar in-duct modal struc-
tures may result in and may account for similar far-
field directivity patterns as shown in figure 5.
The following work then was undertaken to
1.
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further explore some of the directivity data rela-
tive to the known, calculated elementary directivity
properties of possible propagating duct modes to see
if, when using this approach, any conclusions could
be drawn. Since apparently there is no simple way
of finding the right combination of possible propa-
gating duct modes which may participate in the ex-
ternal radiation field it was assumed that all the
cut-on modes (eq. (8)) are propagating and partici-
pating. The resultant directivity was calculated
by using equation (4) for equal-amplitude and equa-
tion (14) for equal-energy directivity models. A
comparison of theoretical and average experimental
directivity for the equal-amplitude directivity
model is shown in figure 6(a) for fans B and QF-3,
each at 60 and 90 percent design speeds. It is seen
that, in general, the calculated directivity levels
near the fan axis and near the 90 0-position consis-
tently indicate higher levels that, the average data
curve (eq. (15)). Moreover, it a3pears that the
calculated points near the 900-po3ition overpredict
the data more and more as the total number of par-
ticipating cut-on modes increases (see table Iwhere
more modes at 90 percent than at 60 percent speeds
are shown).
The nature of equal-energy modal amplitude
given by equation (12) was illustrated in figure 2
where the particular behavior of the parametric
curves implies that equal-energy amplitudes put more
weight on the modes which peak at the middle angles
of the inlet quadrant arc than on the modes which
peak near the fan axis or near the 900-position.
This effect is even more evident in figure 6(b)
where the calculated resultant relative directivity
levels for the equal-energy directivity model are
compared with the average experimental curve. The
figure shows a very good match between the empirical
curve and the calculated points regardles9 of fan
and speed or number of participating cut-on modes.
CONCLUDING REMARKS
The work discussed in this report was under-
taken to explore some of the available directivity
data relative to the known directivity properties of
the possible propagating modes to see if any conclu-
sions about the in-duct modal structure could be
drawn. The total number of propagating duct modes
which are participating in the external noise field
was found by applying the mode cut-off criteria.
The theoretical directivity patterns were obtained
for two modal energy distribution models. The first
model assumed equal duct mode amplitudes. The sec-
ond model assumed that the inlet duct modes carry
equal acoustic power or energy into the far-field.
The two radiation models were checked against four
arbitrarily selected data sets representing blade
passing frequency noise from two different fans (B
and QF-3) tested at two different speeds (60 and
90 percent).
Inspection of the data indicated a distinctive
concentration of narrow-band random noise at the
base of the discrete BPF tone in the form of a con-
siderable noise skirt or base broadening, charac-
teristic of inlet flow distortion-rotor interaction
noise. The data, when normalized and averaged,
showed similar directivity patterns, regardless of
the fan and operating speed. Comparison of theo-
retical directivities obtained from the two direc-
tivity models with averaged data curves indicated a
very good match with the equal-energy directivity
model, while the calculated points from the equal-
amplitude directivity model showed some overpre-
dieting of the data near the fan axis and near the
900-position. Comparison with individual data also
showed a good agreement, with relatively small
deviations at 60 percent speed, when the equal-
energy directivity model was used.
The apparent good agreement between calculated
and experimental data using the equal-energy direc-
tivity model may lend further support to the propo-
sition that equipartition of modal energy may be
characteristic of random noise sources. The simi-
lar directivity patterns that occurred regardless
of speed and fan may be considered as additional
evidence of inlet flow distortion noise, and conse-
quently of the possible existence of similar in-duct
modal structure. The results are encouraging and
further studies of directivity data are warranted.
Inasmuch as direct determination of modal structure
is still in the development stage, the wealth of
far-field directivity test data, practically unused
to date for intensive modal analysis, may provide
additional motivation for such an effort.
Modal information is vital in the design of in-
let duct suppressors. However, for turbofan en-
gines, the ultimate goal is noise reduction under
flight conditions. Inlet flow distortion may not be
thr dominant factor in the noise generation, and
equal duct modal energy may no longer apply in
flight. Nevertheless, the techniques, based on
modal theory, may still be applicable to flight di-
rectivity data. Finally, the static far-field di-
rectivity data may be of some use also for flight
situations to obtain an idea about modal structure
in flight if periodic signals can be recovered from
higher harmonic static data.
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TABLE I. - DESIGN AND ACOUSTIC CHARACTERISTICS
OF FANS B AND QF-3
A. Design Characteristics
Description Fan B Fan QF-3
Number of rotor blades. B 26 53
Number of stator vanes, V 60 112
Rotor inlet tip radius, r d , meters 0.93 0.91
Total pressure ratio 1.5 1.4
B. Acoustic Characteristics
Description Fan B Fan QF-3
Percent design speed
60 90 60 90
Rotor tip Mach number 0.63 0.94 0.60 0.89
Source frequency, f, hertz 925 1390 1890 2830
Source wavenumber, k 16.3 24.4 31.6 47.3
Total number of cut-on modes at BPFa 34 78 127 284
aBlade passage frequency
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Figure 1. - Sketch of acoustic radiation model.
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Figure 2. - Variation of mode amplitudes of equal energy direc-
tivity model with mode orders .K • 40).
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Figure 3. - Effect of random noise on fundamental tone narrow-
band spectrum (fan B; 90 percent speed; 4d D azimuth angle;
4 hertz bandwidth L
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Figure 4. - Variation of sound pressure level of blade passing
frequency tones of fans B and QF-3with inlet angle.
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Figure 5. - Average normalized relative directivity of blade pas-
sing frequency tones of fans B and QF-3.
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Figure 6. - Comparison of theoretical and average experimental
directivities.
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Figure 6. - Concluded.
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Figure 7. - Comparison of theoretical (equal energy) and actual
experimental directivities.
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